We present a general formalism for computing the matrix-element squared for the emission of soft energy-ordered gluons beyond two loops in QCD perturbation theory at finite Nc. Our formalism is valid in the eikonal approximation. A Mathematica program has been developed for the automated calculation of all real/virtual eikonal squared amplitudes needed at a given loop order. For the purpose of illustration we show the explicit forms of the eikonal squared amplitudes up to the fifthloop order. In the large-Nc limit our results coincide with those previously reported in literature.
I. INTRODUCTION
The huge amount of data collected during the recent runs of the LHC and their analyzes have initiated what one may refer to as "QCD precision measurements" programme in analogy to the previous "Electroweak precision measurements". For example, the CMS collaboration has recently extracted the QCD coupling α s with less uncertainties compared to the theoretical predictions [1] . In fact, recent experimental studies emphasized the indispensability of higher-fixed-order calculations matched with resummed predictions for better description of the data [2] . It is therefore essential that more work should be devoted by the phenomenology community to "QCD precision calculations". The current paper is a contribution to the latter programme.
It is well known that QCD matrix-element (ME) (or S-matrix) calculations can only be performed within the framework of perturbation theory (PT), which is valid at high energies where QCD becomes asymptotically free. In PT, the matrix element is expanded as a series in the strong coupling parameter α s . The calculation of the contributions to the ME at each order is delicate and extremely challenging even at the very first leading orders (see for instance Ref. [3] ).
A particular interesting approximation that has played a crucial role in paving the way to the understanding of the all-orders structure of matrix elements (or scattering amplitudes), and which is implemented in various Monte Carlo parton showers as we shall see below, is the eikonal approximation [4] [5] [6] [7] [8] [9] . In QCD, it is valid in the limit where the momenta of the radiated massless gluons become soft. 1 The quark/gluon propagators in particular, and Feynman rules in general, are greatly simplified in the said approximation. The recoil of the radiating energetic particles against the radiated soft gluons may safely be neglected, as we shall see later in the main text when we consider the eikonal Feynman rules. The eikonal approximation is sometimes discussed in terms of Wilson lines, webs etc (see for instance Ref. [11] ).
It has been shown that eikonal amplitudes exponentiate, i.e., factorize out into a product of a hard Born amplitude (without radiation) and an exponential containing all radiation, both for abelian [12] and non-abelian [13] [14] [15] [16] gauge theories. Schematically, the exponentiation may be written in the case of a non-abelian (QCD) theory for the simple process e + e − →+ g 1 + · · · + g n as [11] :
where M 0 is the Born amplitude (for the process e + e − → qq), C i and W i are, respectively, the color and kinematical factors of the amplitude in the eikonal limit corresponding to the emission of the i th soft gluon. Generalizations of Eq. (1) to more complicated QCD processes also exist (see Ref. [11] and references therein).
Two important features of the exponential form of the amplitude in Eq. (1) are to be noticed: firstly, the computation of the first few orders may reveal great information about the all-orders structure, and secondly, it stands as a backbone to the resummation of the large logarithms arising in the calculation of exclusive observable cross-sections in the "soft regions" of the phase space. In this regard, the phase space itself must factorize, and hence exponentiate, for the resummation to be at all possible and consequently applicable to QCD processes. Fortunately, this has been demonstrated to be true for various such processes (see Ref. [11] for a list of them).
The computation of the exponent in Eq.
(1) has proven to be quite involved, especially beyond the second order in PT, due to the fact that the color space in QCD is matrix-valued and thus non-commutative in general. Moreover, the number of Feynman diagrams that need to be considered at the n th order in PT increases factorially as (n + 1)!.
It has however been possible for quite a long time to extract the full structure of the emission amplitude squared in the large-N c limit (with N c being the degree of the SU(N c ) group) and for energy-ordered soft gluons [7, 17] . The large-N c approximation essentially reduces the matrix-valued color space to simply a scalar-valued space, thus tremendously simplifying the color structure. The strong energy ordering, on the other hand, whereby the energies ω i of the soft gluons k i are ordered as:
with Q being the hard scale, is employed to formulate the "dipole" picture of gluon bremsstrahlung [10] . In this picture, the softest n th gluon k n is emitted by the ensemble of (n+1)n/2 harder dipoles. Moreover, the dipole formalism underlines the gluon cascade, implemented in various Monte Carlo algorithms such as the Lund-Dipole-Scheme [18, 19] and Ariadne [20] , and describes the elementary parton decays (shower) responsible for the structure (and substructure) of final-state jets.
Restoring the full finite-N c dependence of the exponent in Eq. (1), the progress has so far not been very satisfactory for the reasons mentioned above. The aim of this paper is to show that with the help of the recent developments in the field of computational physics it becomes possible to "theoretically" extract the complete analytical form of the exponent (and practically the first few loop orders, due to limited computational power) in Eq.
(1). Sjödahl developed a Mathematica package called ColorMath [21, 22] that automatically performs colorsummed calculations in SU(N c ) for arbitrary N c ≥ 2. With the aid of this package the issue of the non-abelian color structure that has long jeopardized any progress beyond two loops can straightforwardly be resolved.
It remains thus to determine the kinematic coefficients multiplying the color factors for all possible real/virtual gluon configurations, which represent the set of all possible emitting dipoles at a given order. We have developed a Mathematica program to achieve this very goal. We are currently rewriting the program into a form of a package, called EikAmp, that should: be able to compute few higher-loop squared amplitudes (ideally up to any loop order), include few callable functions, maximally exploit all available symmetries in order to optimize for minimal execution time and use clear easily-readable syntax. Due to the slowness of Mathematica compared to programming languages such as c++ and fortran, we intend to develop alternative versions of EikAmp using the said languages in the near future. The aim behind the latter versions of EikAmp is not only related to timing but also to make eikonal squared amplitudes readily available for implementation and/or interfacing with other QCD programs, including general-purpose parton showers. It is worthwhile to note that the program can easily be used for QED calculations by simply turning off color matrices. Full details about the program along with its manual will be presented elsewhere.
Note that within the eikonal approximation and assuming strong energy ordering, Catani and Ciafaloni derived in Ref. [16] an analytic abstract expression for the emission amplitude of n soft (real and/or virtual) gluons to arbitrary orders in PT. Their results were casted into an iterative form which fully accounts for the entire exponentiation of leading soft singularities. They did not, however, perform any explicit calculations, particularly of the color structure of the amplitudes (at least beyond two loops), which had been the chief obstacle for such calculations. Moreover, unlike their amplitudes (squared) which have to be simplified starting from the exponential iterative form, ours are ready for phase-space integration and/or other manipulations without any further simplifications.
Lastly, it is worth mentioning that the results achieved herein have been employed in our recent paper [23] to compute the hemisphere mass distribution in e + e − → dijet events fully up to four loops and partially at five loops. The distribution was shown to exhibit a pattern of exponentiation both for global (primary abelian emissions) and non-global [24, 25] (secondary correlated nonabelian emissions) logarithms, and an ansatz for the allorders resummed result was thus suggested. The eikonal approximation considered in Ref. [23] and throughout this paper only guarantees the resummation of up to single logarithms, of the form α n s L n in the exponent of the resummed distribution. To go beyond this accuracy one should consider including the next-to-eikonal corrections presented in Ref. [11] . We reserve this work to future publications.
The organization of this paper is as follows. In section II we present the details of the eikonal approximation at one loop and discuss the corresponding form of the virtual corrections. Employing the eikonal Feynman rules, we derive in section III the general formula of the eikonal amplitude squared at the n th loop order. We discuss in the same section the treatment of virtual gluons at all orders, the implementation of the said formula into Mathematica and its reducibility in the large-N c limit. Section IV is then devoted to presenting the expressions of the eikonal amplitudes squared up to five loops. Finally we conclude in section V.
II. EIKONAL APPROXIMATION

A. Single real gluon emission
Consider for simplicity the Feynman diagrams depicted in Fig. 1 representing the first-order radiative correction to the hard Born configuration M 0 → qq, where M 0 embodies the leptonic part of the amplitude, and the quark, anti-quark and gluon are on-mass-shell, that is p
, with p a , p b and k the momenta of the quark, anti-quark and gluon respectively. Applying Feynman rules (see for instance Ref. [26] ) one obtains
This is simply the product of the Born amplitude (without bremsstrahlung) with a factor for the emission of a soft gluon. The physical origin of this factorization is the fact that the emitted low-energy (long-wavelength) gluon cannot resolve the underlying harder (shorterwavelength) subprocess. In fact this factorization property is of paramount importance and can be used iteratively to construct the amplitude of emission of an arbitrary number of gluons, provided they are strongly ordered in energy, as we show in the next section.
The ratio p ν /(p · k) in Eq. (6) defines the effective Feynman rule for an eikonal emission (combined propagator and vertex). More details are provided in appendix A. It is worth noting that the latter eikonal emission's expression is invariant under rescaling of the emitter's momentum (p µ ). This translates into the fact that one can neglect the recoil effects against soft gluon emissions.
Multiplying the amplitude (6) by its conjugate, performing the sum over gluon polarizations and simplifying one finds:
with B representing the squared Born amplitude summed (averaged) over spins of final-state quarks (initial-state leptons), and C F = (N 2 c − 1)/(2N c ).
B. One-loop virtual correction
We shall show in this subsection that, in the eikonal approximation, the squared amplitude for one-loop virtual corrections is simply minus the corresponding realemission contribution. To this end, consider the Feynman diagram depicted in Fig. 2 , which represents the
One-loop vertex correction to the process e + e − → qq.
vertex correction to the Born amplitude. This is the only contributing diagram at this order since the other two "self-energy" diagrams (with a loop starting and ending on the same external leg) result in vanishing contributions in the on-mass-shell limit. The Feynman amplitude for the vertex correction -in the Feynman gauge -reads:
Employing the eikonal approximation and simplifying using the Dirac algebra one obtains the factorized expres-sion:
.
The above integral can be simplified using the techniques of contour integration. Since the integral in the second line of Eq. (9) is manifestly Lorentz invariant we specialize to the center-of-mass (cm) frame of the quark/antiquark pair, where p a + p b = 0, and write:
where we have used for simplicity and without loss of generality:
with √ s being the cm energy. 2 Note that p a · p b = s/2. The integrand in Eq. (10) has four simple poles in the k 0 complex plane; two in the upper half and two in the lower half. Closing the contour in the upper half, thus picking up only two poles, and applying the residue theorem one finds:
where
, is the invariant transverse momentum of gluon k in the cm frame of thedipole. It is generally given, for the emission of a gluon k off a dipole (k i k j ), in terms of the antenna function ω ij by the relation:
The second term in Eq. (12), i.e., that involving the z-component of the gluon's momentum k 3 , may be simplified further. Keeping the ıǫ prescription till the end of the evaluation one has [27] :
2 Recall that we are working in the eikonal limit where recoil of the hard partons is negligible and hence the momenta pa and p b are back-to-back.
Therefore the latter term, which is dubbed "Coulomb (or Glauber) phase", is purely imaginary. It is in fact related to super-leading logarithms and the possibility of factorization breaking [28] [29] [30] [31] . It is worth noting that the said "ıπ" term, which persists at higher loops, cancels when computing physical cross-sections in abelian theories such as QED, while it may have physical consequences in QCD processes involving four or more hard partons. For processes with less than four hard partons such as the process considered herein, that is e + e − → 2 jets, this phase completely cancels and plays no role to all orders in PT. This can be seen by observing that Coulomb gluons are primary (i.e., directly emitted from the initiating hard dipole (ab)) and thus exponentiate, to all orders, into a Sudakov form factor and cancel out in the exponent when multiplied by the conjugate amplitude (see for instance Ref. [32] ).
The final form of the one-loop virtual correction eikonal amplitude reads:
To compute the virtual-emission squared amplitude we first multiply the above result by the conjugate Born
* , and then add the complex conjugate of the result, i.e., we add the product of the Born amplitude and the conjugate of the oneloop amplitude (15) . Doing so we note that the Coulomb phase (14) disappears in the sum, and we finally obtain:
which is minus the real-emission amplitude squared (7) (after the inclusion of the appropriate phase-space factor), as stated earlier. This result has also been arrived at in Ref. [33] . This useful consequence of the eikonal approximation will be employed in the next section to deduce eikonal squared amplitudes for configurations in which the softest gluon is virtual, at any order, without explicit calculations. Since real and virtual (softest-gluon) contributions are equal up to a sign, we shall refer to a given order α n s in the PT expansion as the n th loop order (or simply nloop order), although formally the terminology "loop" is reserved for virtual corrections.
III. EIKONAL SQUARED AMPLITUDES
A. General form
Having discussed the eikonal approximation by explicitly carrying out analytical leading-order calculations and demonstrated that: a) the emission amplitude squared factorizes out into a Born amplitude squared multiplying a color factor and a dipole antenna function, and b) virtual corrections are identical to real contributions up to a sign, we are in a position to utilize these findings to build up a generalized form of eikonal amplitudes squared, which is valid at any order in PT expansion.
We begin by considering the (tree-level) emission amplitude of a soft gluon k m by an ensemble of: quark p a , anti-quark p b and (m − 1) energy-ordered (see Eq. (2)) harder gluons k i=1,...,m−1 [10, 29] :
where 
and the squared amplitude, summed over final-state colors, is given by:
Eq. (17) 
where:
3 There are (m− 1) gluons in addition to the quark and anti-quark pair, thus resulting in (m + 1)-dimensional vector.
• T c c ′ 
the first of which demonstrates that the (m + 1)-parton amplitude transforms as a color singlet under SU (3), and the second shows that the product of two such operators, which shows up when computing squared amplitudes, is invariant under the exchange of the emitter and "absorber" of the softest gluon. In other words, the color factors associated with the dipoles (ij) and (ji) are identical. The factor C i is the Casimir scalar, which is equal to C A = N c if i is a gluon, and C F if i is a quark or anti-quark. Worth mentioning is that the color operators in the fundamental representation t a are both traceless and hermitian, while in the adjoint representation ıf a are constants (known as "structure constants").
Iterating the amplitude (17) down to the Born level, |0 , one has:
where the kinematic factors are scalars and have thus been pulled to the left leaving only the ordered noncommutative color operators to the right. It is worth noting that the ordering of the color operators T an i may not necessarily be the same as the ordering of the resultant color matrices t an i . To see this, consider for example the computation of one of the contributions to the emission amplitude of four gluons (focusing only on the color part and ignoring the kinematic part) as illustrated in Fig. 3 . The correspond- ing amplitude reads:
where we made use of the fact that |0 ∝ δ cac b |c a , c b .
Thus the ordering of the matrices t a is different from that of the operators T a . The corresponding conjugate (bra) amplitude m| for real emissions reads:
The eikonal amplitude squared, summed over gluon polarizations, is then given by:
where the factor (−1) m results from the sum over polarizations for each gluon, ω ij (k) is the antenna function defined previously, Eq. (13), and we have excluded all terms with indices i n = j n in the sum since they vanish by the on-mass-shell condition k 
where W m is the factorized eikonal amplitude squared for m soft energy-ordered gluons in the final state:
where the Born amplitude for the simple e + e − →process is proportional to δ cac b |c a , c b = |c a , c a . Thus a factor N c = c
has been divided by in Eq. (27) . Doing so one achieves a complete factorization of W m from the Born contribution B = 0| 0 .
The differential cross-section for the emission of m energy-ordered soft (real) gluons, normalized to the Born cross-section σ 0 , may then be written in the following form:
where the phase-space factor reads:
with ω i and k ti the energy and transverse momentum of the i th gluon, dΩ i its differential solid angle, and η i and φ i are, respectively, its rapidity and azimuthal angle. We have k ti = ω i sin θ i and η i = − ln tan(θ i /2) , with θ i the polar angle of gluon k i . It is worth mentioning that the above differential cross-section for m gluons in the final state must be symmetric under the exchange of the indistinguishable gluons (bosons). This means that one has to sum over all possible permutations of gluons and divide the result by m!. This is, however, equivalent to considering only a specific ordering of the gluons and omitting the 1/m!.
Substituting the amplitude squared (27) into the expression of the eikonal differential cross-section (28) , and including all virtual corrections, the total cross-section may be cast in the following final form:
, and the second sum (over X) is over all possible real/virtual gluon configurations. In other words, X = x 1 x 2 . . . x m , where x i ∈ {R, V} corresponds to whether the i th gluon is real (R) or virtual (V). Virtual corrections in the expression (30) have been arrived at along the same lines as the real-emission contributions, including the factorization of the phase space which also follows from the Bloch-Nordsieck theorem [36] . Since real and virtual soft contributions exactly cancel out in the total cross-section (of sufficiently-inclusive observables) one can therefore express the virtual contributions as integrals over momenta of exactly the same form as real emissions, which leads to a factorization of the virtual phase space that is identical to that of real emissions as shown in Eq. (30) . Further details about the virtual corrections are presented in the next subsection III B.
The final form of the eikonal amplitude squared W X 12...m for the emission of m energy-ordered soft gluons in a given configuration X reads:
where we have defined the purely-angular antenna function w
if one uses energies and polar angles instead of transverse momenta and rapidities in the phase space (29)) and introduced the color factor:
Though the general form of the above color factor holds true for the configuration in which all gluons are real, there are few changes that take place when one or more gluons are virtual. We discuss this issue in the next subsection. The factor (−1) m ensures that the color factor C, and hence the amplitude squared (31) , is positive for all values of m (for all-gluons-real configurations).
Few important properties of the eikonal amplitude squared (31) are in order:
• It is totally symmetric under the interchange of the two hardest partons (the quark and anti-quark a ↔ b). For the hardest gluon, we shall thus only consider one emitting dipole, say w 1 ab , ignore w 1 ba (i.e. consider only i 1 = a and j 1 = b) and multiply the final result by a factor of 2. This will prove useful in decreasing the execution time of the EikAmp program.
• It is also symmetric under the interchange of the legs of the dipole emitting the next-to-hardest gluon (i 2 ↔ j 2 ) as well as the softest gluon (i m ↔ j m ). Hence we pick up one ordering for the said dipole legs (say i 2 > j 2 and i m > j m ) and multiply the final result by a factor of 4.
• For the softest gluon, it is always true that:
regardless of the nature, real or virtual, of the rest of the gluons. This equation is a generalization of the one-loop result (16) to arbitrary orders in PT, and can straightforwardly be deduced by iterating the procedure outlined in subsection II B. Since Eq. (16) has been arrived at with no explicit role being played by the Born term M 0 in the integration over k, one can simply, for each Feynman diagram involving a softest virtual gluon k m , absorb all harder gluons into a "Born-like" amplitude M m−1 and perform the integration over the momentum k m in exactly the same way as in eq. (10). The relative minus sign between the real and virtual contributions is due to the absence of the sum over the virtual-gluon polarization. The expression (33) also suggests that each virtual diagram corresponds to exactly the same color factor as the corresponding real-emission diagram (just like at one loop where both had the color factor C F ). This result can straightforwardly be verified using the EikAmp program for any given diagram and at any loop order.
This observation will serve to reduce the number of squared amplitudes that need to be calculated at a given loop order to a half, thus saving substantial amount of work and time.
• Since the hardest gluon k 1 may only be radiated by the hardest dipole (ab) -due to strong energy ordering -the color factor (32) will always be proportional to the Casimir scalar (color charge) C F . In other words, the color factor at a given loop order L will be proportional to (
• Proper finite-N c contributions to the squared amplitude (31) first appear at four loops and have a color factor that is proportional to (C F − C A /2). Higher-loop finite-N c contributions are always proportional to the latter color factor.
• At and beyond four loops, the eikonal amplitude squared for a given configuration X may be split into two contributions; large and finite N c :
Whilst the large-N c contribution has been known for a while (see for instance Refs. [7, 17, 37] ), the finite-N c contribution has not previously been properly addressed in the literature. The present work serves to shed some light on this very contribution.
• The said finite-N c contributions to W X 12...m have some peculiar features that are absent in the large-N c contributions. For instance, they are not symmetric under the interchange of the emitted gluons k 1 , k 2 , . . . , k m . Moreover, they are not symmetric under the interchange of the legs of each and every single emitting dipole. These symmetry breakings are primarily due to the associated color factor (of non-planar diagrams). It is therefore incorrect, at least at and beyond four loops, to set i n > j n in Eq. (31) and multiply by 2 for each dipole, resulting in a total common factor of 2 m . It remains, however, true to set i n > j n for n = 1, 2, m, i.e. for the legs of the dipoles emitting the hardest, next-to-hardest and softest gluons, and multiply by a factor 8, as discussed above.
More details on the properties of the eikonal amplitude squared (31) will be presented in the next section IV. Before that, we first discuss the form of the color factor (32) in the case where one or more gluons are virtual, succinctly describe the Mathematica program utilized to compute the squared amplitudes presented in Sec. IV and briefly illustrate how the amplitude squared (31) reduces in the large-N c limit.
B. Treatment of virtual gluons
The calculation of the amplitude squared for the case of emission of virtual gluons (other than the softest) requires a special attention. Firstly we note that the aforementioned equality (33) is -as clearly stated -only valid for deducing the squared amplitude when the softest gluon is made virtual, without altering the real/virtual configuration of the other gluons, and is generally not applicable for the case when arbitrarily harder gluons are virtual. This is mainly due to the fact that the ordering of color operators changes as gluons are made virtual for a given Feynman diagram.
Consider, for instance, a virtual gluon k ℓ attaching the legs of a (real) dipole (i ℓ j ℓ ). Writing the product of ordered color operators proceeds in an ordinary way (i.e., starting from the hardest-gluon color operator T a1 i1 ) up until the operator T
. That is to say as soon as the virtual gluon k ℓ is emitted (by leg k i ℓ ) it gets absorbed (by leg k j ℓ ). The ordering of color operators then continues as usual. Schematically we write:
where the "missing" factor (−1), relative to Eq. (32), is due to the fact that virtual gluons have no polarization vector. Notice also that, in going from Eq. (32) to Eq. (35), the color operator (T a ℓ j ℓ ) † has been moved from its position in the conjugated amplitude (bra) to the unconjugated one (ket). Since the virtual gluon k ℓ can also be attached in the conjugated amplitude, the opposite scenario must also be taken into account. That is, we also add the case in which the operator T
† in the conjugated amplitude:
The attachment of the virtual gluon k ℓ must be spanned over all possible harder real parton pairs (dipoles (i ℓ j ℓ )) in the event without double counting (i.e., we set i ℓ > j ℓ ). The virtual gluon k ℓ itself does not, however, play the role of an emitter for softer gluons and must thus be excluded from the list of emitters U n−1 in Eq. (31) .
For more than one virtual gluon, one proceeds in an analogous manner to that presented above (for one virtual gluon). For each virtual gluon one places the color operators associated with its emitting dipole next to each other in the ordered expression of the color factor (32) (one time in the bra-side and another in the ket-side) and removes a relative factor of (−1). Additionally, virtual gluons cannot be emitters and are consequently omitted from the list of emitters U m .
Based on this observation, we shall show in Sec. IV that only the "all-gluons-real" (X = RR . . . R) squared amplitude needs to be explicitly evaluated. The squared amplitudes for all other configurations may be deduced from the latter without any further rerun of the EikAmp program. This is straightforwardly achieved given the analytical compact forms of the eikonal squared amplitudes that we shall present therein.
C. The EikAmp program
The eikonal amplitude squared given in Eq. (31) is computed using a Mathematica program "EikAmp", which we have developed for this very purpose. The program starts by calculating the color factor (32) using the ColorMath package. The main idea of the program is to use the "For loop" to account for all possible dipoles. The outer-most loop corresponds to the hardest gluon and picks up the first leg of the dipole (ab). The nextto-outer-most loop runs over the legs {a, b, 1} picking up one at each run. The inner loops work in the same way.
Once the product of the color matrices for the amplitude is determined, the program moves onto computing the corresponding product of color matrices for the conjugate amplitude. Since each gluon connects the legs of a given dipole then in this second step the program basically picks up the second leg to form the emitting dipoles. The number of possible dipoles that can emit the m th gluon is m(m + 1)/2 (assuming that (ij) and (ji) represent the same dipole). After that, the program calls the ColorMath function CSimplify to carry out the trace of the product of the color matrices. The final result is a scalar written in terms of N c , which is then decomposed into a product of C F and C A factors. Moreover, the program associates with every dipole (ij) emitting gluon k the antenna function w k ij . Once the program has ended one may collect terms with a common color factor.
The above procedure may be repeated for each possible gluon configuration X, taking into account the symmetries mentioned above to avoid unnecessary repetitions. Full details, including the c++ and/or fortran versions of the program, are deferred to future publications.
The output squared amplitude of the EikAmp program at a given loop order is a complicated sum of all possible Feynman-diagram contributions, which renders the result impractical to some extent. Based on the pattern and symmetry observed at two loops, as we shall see below in Sec. IV, it is possible to write the output amplitudes squared at higher-loop orders in a compact form that is of more practical usage. For example, it allows us to deduce squared amplitudes for configurations involving virtual gluons from the all-gluons-real amplitude squared without any explicit calculations. Furthermore, it enables us to separate the finite-N c corrections from the large-N c contributions, thus paving the way for later analyzes of the two contributions.
D. Large-Nc limit
In the large-N c limit all Feynman diagrams that have a non-planar topology are discarded as their corresponding cross-sections are suppressed by 1/N 2 c [38] .
5 Consequently, both the number of Feynman diagrams, to be evaluated at a given order, and the color structure simplify considerably. In fact, the color factor (32) associated with the emission of m real gluons reduces to:
for all possible values of the indices i 1 , . . . , i m , j 1 , . . . , j m (except for non-planar diagrams in which case the color factor is zero). The factor of 1/2 in the above expression may straightforwardly be deduced recalling that the color factor for the first emission, in the large-N c limit, is C F = N c /2. All subsequent emissions have an N c /2 factor. For the kinematical part of the eikonal amplitude squared one should note that, since the color factor at large N c is a simple scalar given in Eq. (37), one may safely set i n > j n in Eq. absorb it into the coupling such thatᾱ s = N c α s /π. The remaining, purely angular, part of the eikonal amplitude squared (31) , and after discarding non-planar configurations, should reduce to the well-known form [7, 17, 37] :
where the sum is over all m! permutations of the set of momenta {k 1 , k 2 , . . . , k m }. Eq. (38) has been explicitly verified up to five loops using the EikAmp program via the simple substitutions C F → N c /2 and C A → N c .
In the next section we report on our results for the eikonal amplitudes squared at finite N c up to five loops for all possible gluon configurations X.
IV. EXAMPLES A. One and two loops
We start by presenting the already-known results at one-and two-loop orders. Before doing so we define the following generalized n-loop antenna functions which will prove useful in what follows below:
First, it should be understood that all sub and superscript indices are always different from each other. In fact, superscript indices are ordered according to the energy ordering of the corresponding gluons, as it should be clear by expanding higher-loop antenna functions in terms of the two-loop antenna A kℓ ij . Secondly, whenever we write any one of the above antennae with an overhead bar, such asĀ 
They represent an independent emission of gluon k 1 by the dipole (ab). Notice that, since the dipoles (ab) and (ba) are associated with the same color factor, then we fixed the ordering of the legs, picking up (ab) for the oneloop antenna w 1 ab , and multiplied by a factor of 2. Moreover, since each n-loop antenna function (39) involves products of n one-loop antennae, and if each of which is symmetric under the interchange of its legs (w
then one may fix the ordering of the legs for each dipole such that the n-loop amplitude squared becomes proportional to the factor 2 n . For instance, the two-loop amplitude squared containing A ij ab is proportional to 2 2 , the three-loop amplitude squared containing the antenna B 
where the origin of the factor 2 2 has been discussed above. It has been moved to the left-hand side of Eq. (42) so as to emphasize the color structure of a given individual irreducible diagram. Fig. 4 is a diagrammatic rep- resentation of the two-loops eikonal amplitude squared. The antenna function A 12 ab represents a two-parton cascade emission. Unlike the aforementioned reducible contribution, which has a total of two angular singularities corresponding to gluons k 1 and k 2 being collinear to either q and/orq, the antenna function A 12 ab has only one angular singularity corresponding to gluons k 1 and k 2 being on top of each other. For particular phase-space configurations this antenna function may be integrated out producing no extra logarithms in the cross-section (see for instance Ref. [23] ), and contributing solely single energy logarithms (originating from gluons k 1 and k 2 being soft). This means that it yields the singlelogarithmic contribution, (α s L) 2 , to the integrated crosssection of an exclusive observable (with the reducible term W
2 ). It is worthwhile to mention that the two-loop antenna A kℓ ij is different from the "remainder" function considered in Ref. [10] , in the sense that the latter has no singular dependence on angles (a property referred to as friability) as well as being integrable over the directions of all gluons involved (a property dubbed ideality in [10] ).
B. Three loops
There are 2 3 squared amplitudes to be evaluated at this order which reduces by symmetry to only 4. These are given by:
and as stated before:
The three-loops irreducible terms read:
We remind the reader that, similar to the antenna functions, throughout this paper whenever we show a sum over several indices of amplitudes squared, such as those in Eqs. (43a) and (43b), then these indices may only take different values at once. Furthermore, and to avoid double counting, whenever we write W X ij (or W X ij ) it is implied that i < j, which reflects the energy ordering of the corresponding gluons ω i > ω j . Likewise for threeand higher-loop amplitudes squared, the indices are always ordered ascendantly from left to right.
The various contributions to the all-gluons-real amplitude squared W an interference between the one-loop amplitude squared W R i and the two-loops irreducible term W RR jk . These two terms together form the reducible contribution at three loops, which may be recast as follows:
where the coefficient 1/s 3 is there to cancel out any repeated occurrences of the same contribution such that after expanding the sum one recovers the first two terms of Eq. (43a). With the above definition, i.e., Eq. (46), the all-gluons-real amplitude squared in Eq. (43a) may be written in the compact form:
In fact, and as we have already seen at two loops (41) and shall see at four and five loops, one anticipates that all eikonal amplitudes squared may be represented in an analogous form to that of Eq. i.e., the first antenna -including gluon k 2 -is not connected to the quark line whilst the second antenna A 13 ab is. Furthermore, this term may also be thought of as successive independent emissions of gluons k 2 and k 3 off the hardest gluon k 1 , which in turn was radiated off by the (ab) dipole. The second term B 123 ab represents a threeparton cascade emission, and is non-vanishing only for the all-gluons-real amplitude squared. The contributions (c) and (d) are neither friable nor ideal as they contain, in addition to the "remainder" of Ref. [10] , terms that are singular in angles separating the softest gluon k 3 and the harder gluons k 1 and k 2 .
In fact, the contribution W RRR 123 is not completely irreducible since it consists of terms resembling those already seen at two loops. Recall that the cascade term B 123 ab is written in terms of the two-loops antenna A ij ab (see Eqs. (39)). It is due to this "deluding" irreducibility that at this order large-N c calculations yield identical results to those shown in Eq. (43). In other words, there are no finite-N c corrections up to this order. The first genuine irreducible contributions pop up at four loops as we show below. Moreover, it is the first order where finite-N c corrections do appear.
C. Four loops
There are 2 4 squared amplitudes to be evaluated at this order which reduces, due to symmetry, to only 8. 8 In fact, it is sufficient to only explicitly present and discuss the features of the all-gluons-real amplitude squared as it contains all possible contributions at a given order. The rest of the squared amplitudes can be deduced quite straightforwardly as we shall mention towards the end of this subsection.
The all-gluons-real eikonal amplitude squared at four loops may be written as:
where the reducible contribution is given by:
where in analogy to three loops, the factor 1/s 4 divides out any repeated counting of the same contribution. The step functions Θ x<y ≡ Θ(y − x) that appear in the above expression are there to avoid double counting of the terms. The various terms in Eq. (49) are shown schematically in Fig. 7 . The irreducible contribution may be split into two parts:
where the first part though irreducible resembles patterns seen at previous orders. It reads:
with:
The various terms in the expression (51) are shown, respectively, from left to right below (Fig. 8) . The second part is the new genuinely-irreducible contribution that contains the first finite-N c correction:
where N X 1234 is the angular function of the irreducible finite-N c contribution. At four loops it is given by:
where we have defined the following "pseudo-antenna" function:
which in turn is written in terms of the t-and u-channel functions:
It is interesting to note that analogous functions to the above t-and u-channel terms were derived in Ref. [40] while considering the emission of a soft gluon off an ensemble of four colored hard partons -in hadron-hadron collisions. They were proven therein to be integrable over the direction of the emitted softest gluon (represented by the superscript index n in the above).
Furthermore, it is worth mentioning that, as stated previously, the finite-N c correction (53) has the peculiar feature that it is not symmetric under the permutation of the gluon indices except for two: (1 ↔ 2) and (3 ↔ 4) . For instance, one may easily verify that:
This is in contrast to the large-N c contributions (49) and (51), which are totally symmetric under any given permutation.
In addition to the breaking of the "Bose symmetry" mentioned above, corresponding to permutations of emitted gluons, there is another broken symmetry at four loops that we refer to as "mirror symmetry". It may be summarized as follows: there are (eikonal) Feynman diagrams which correspond to color factors that are not symmetric under the interchange of the emitters of one or more gluons (or equivalently, interchange of the legs of one or more emitting dipoles). It turns out that only diagrams which contribute to the finite-N c terms N While the mirror-symmetry breaking at five loops results in fractional coefficients multiplying color factors, as we shall see in the next subsection, the four-loops mirror-symmetry breaking does not. The reason for this could be that the permutation of dipole legs in non-planar Feynman diagrams at four loops yields either an identical color factor or zero.
9 Thus adding up all diagram contributions results in an overall integer coefficient multiplying the color factor (associated with the said diagram).
Notice also that since the large-and finite-N c contributions to the eikonal amplitude squared are separated from each other one may accordingly write:
(58)
Amplitudes squared for other gluon configurations
In order to compute the remaining seven squared amplitudes (and by symmetry the other seven corresponding to the softest gluon being virtual) it is sufficient to set to zero the antenna functions (39), (55) and (56) for which the virtual gluons play the role of emitters, in the expression of the all-gluons-real squared amplitude (48). For instance, to find the form of the eikonal amplitude squared W RRVR 1234 , with gluon k 3 being virtual, we simply write:
where S α is the set of all possible antennae for which the virtual gluon k α acts as an emitter for softer gluons:
The statement S α → 0 means that each element in the set S α is set to zero.
Remark that within the EikAmp program it is not, however, an easy task to set S α → 0 since one would have to write the cumbersome output in terms of the various antenna functions (see for instance Eqs. (39) and (56)) before setting any of them to zero. Whether this is doable will be investigated in our forthcoming EikAmp paper. It should be noted meanwhile that it is not sufficient to simply set the dipole antenna w k ij → 0 if either gluon i or j is virtual in order to find the corresponding amplitude squared.
Performing the substitution S 3 → 0 one finds:
where for the reducible contribution:
where we note that W 
All other amplitudes squared may be obtained in a similar fashion. One simply replaces α in (60) by the appropriate virtual-gluon number. For more than one virtual gluon, the elements of all sets S β corresponding to all virtual gluons k β , with β = 1, 2, . . . , must be set to zero simultaneously. Moreover, one may also observe the following alternative reduced expressions relating virtual amplitudes squared at four loops to the amplitude squared at two and three loops:
In the next subsection we present and discuss the expression of the five-loops eikonal amplitude squared.
D. Five loops
At five-loops order there is a total of 2 5 squared amplitudes to be determined, half of which are deduced by symmetry. Out of these only the all-gluons-real squared amplitude needs to be actually calculated. The other squared amplitudes which involve at least one virtual gluon can be deduced fairly easily, as mentioned in the last subsection IV C 1. This is possible if the squared amplitude has a compact analytical form analogous to that at previous orders, which it partially does.
The all-gluons-real five-loops amplitude squared may be cast in the usual compact form:
where the reducible contribution is given by: 
The totally-irreducible term which represents the new genuine finite-N c contribution at five loops reads:
where N X 12345 is a function containing the angular part of the finite-N c contribution for configuration X.
There are 8 out of the 16 squared amplitudes mentioned above that do actually contain mirror/Bosesymmetry breaking terms. These correspond to configurations in which both gluons k 1 and k 2 are real W in a compact analytical form as was the case at four loops. We provide the full expressions of these functions in the accompanying Mathematica notebook "N.nb". All other squared amplitudes have a vanishing totally-irreducible contribution N X 12345 . In fact for all configurations in which either gluon k 1 or k 2 is virtual we have the following compact form of the squared amplitudes:
We note that, as stated before, the calculation of the virtual-emission squared amplitudes involves attaching each virtual gluon one time in the bra-side of the squared amplitude and another in the ket-side (see Eqs. (35) and (36)). Due to symmetry reasons, and for the case of a single virtual gluon such as W RRRVR 12345 , it is sufficient to only consider the attachment of the virtual gluon in one side and multiply by a factor of 2. Furthermore, and for the emission of two or more virtual gluons, it turns out that for squared amplitudes not involving totally-irreducible finite-N c contributions, it is also sufficient to consider the attachment of the virtual gluons just in one side and multiply by a factor of 2 for each virtual gluon. This is true for configurations like W RVVR 1234 at four loops and W
RVRVR
12345
at five loops since they are free of (new) finite-N c contributions, i.e., free of the terms N X 1234 at four loops and N X 12345 at five loops. However, for the squared amplitude W RRVVR 12345 one must explicitly include the attachment of virtual gluons in each side. By symmetry it is still sufficient to consider the attachment of one of the virtual gluons in one side but the other virtual gluon must be attached in both sides. The difference between attaching the second virtual gluon in one side and another results in a finite-N c contribution which affects the function N RRVVR 12345 . This is ultimately related to the breaking of the mirror symmetry which occurs for diagrams with gluons k 1 and k 2 real.
We discuss the Bose and mirror symmetries of the fiveloops amplitude squared and the source of their breakings in the coming two subsections.
Bose symmetry
Analogous to the previous order, Eq. (58), the fiveloops amplitude squared (66) can be split into large-and finite-N c contributions:
Unlike the finite-N c contribution, we have the full compact analytical form of the large-N c contribution as 
Mirror-symmetry breaking
As previously stated the mirror-symmetry-breaking contributions only exist for configurations in which at least two out of the gluons {k 1 , k 2 , k 3 } are real regardless of the rest of the gluons. All other squared amplitudes are free of such terms. Moreover, the squared amplitudes for all configurations are symmetric under the permutation of the legs of the dipoles emitting the hardest and softest gluons. That is, if the amplitude squared for a given configuration X is given by: 
The difference between, say, the antennae w 1 ab and w 1 ba is that for w 1 ab gluon k 1 is attached to leg a in the ket amplitude and to leg b in the bra amplitude, whereas for w 1 ba the attachment is reversed. The permutation of the legs of dipoles emitting gluons other than the softest and hardest does not however result in an identical color factor, and this is what we refer to as "mirror-symmetry breaking". Up to three loops these permutations of the emitting legs had no effect on the form of the eikonal amplitudes squared. This is, however, no longer the case at four and five loops (and perhaps at higher loops too).
In order to illustrate the origin of the said non-mirrorsymmetric contributions diagrammatically let us consider, for instance, the Feynman diagrams depicted in Fig. 9 , contributing to the all-gluons-real amplitude squared W RRRRR 12345 . Excluding permutations of the emitters of k 1 and k 5 , under which the color factor is symmetric as stated above, there are 8 possible permutations of the emitters of the remaining gluons k 2 , k 3 and k 4 . These are represented in diagrams (d1) -(d8) of Fig. 9 . Their corresponding contributions to the amplitude squared are given by: The other diagrams (d5), (d6), (d7) and (d8), correspond to color factors that are identical to those of (d3), (d4), (d2) and (d1), respectively. The lack of this (mirror) symmetry makes it quite difficult to find a compact analytical form for the totally-irreducible contributions N X 12345 to the five-loops amplitude squared. We finally note that adding up the four functions N 
This equality has been deduced from the output of the EikAmp program.
Exponentiation
First, it is intriguing to notice that the three-, four-and five-loops eikonal amplitudes squared, both reducible and irreducible contributions, are written in terms of the twoloops antenna A kℓ ij , including the pseudo-antenna function A ijkℓ ab (55) as is clear from the relations between the t/u-channel functions and the two-loops antenna given in Eq. (56). Therefore the two-loops amplitude squared, and the antenna A kℓ ij in particular, may be considered as a web [11] since it represents a two-eikonal irreducible diagram. (67) and (69) seem to suggest a pattern of exponentiation for the eikonal amplitude squared (in agreement with the findings of Refs. [13] [14] [15] [16] ).
V. CONCLUSIONS
In the present paper we have considered the computation of QCD scattering amplitudes squared in the special eikonal approximation. In the said approximation, radiated gluons are assumed to be soft. If the gluons are additionally assumed to be ordered in energy then the calculations are significantly simplified and it has thus been possible to go beyond two loops at finite N c for the first time in literature, for the simple process e + e − →accompanied with the emission of soft gluons.
First, we have shown how the eikonal approximation follows from standard QCD calculations based on Feynman rules when radiated gluons have energies that are much less than the hard scale of the process. The said Feynman rules are then replaced by the more simplified eikonal rules. The latter rules have made calculations at higher orders in perturbation theory very accessible. Moreover, assuming on-mass-shell limit we have demonstrated through explicit calculations that virtual corrections in the eikonal limit reduce to simply be minus their corresponding real-emission contribution (for the softest gluon). This led to even more simplifications in the required calculations at a given order.
Secondly, starting with the amplitude for the emission of the m th gluon by an ensemble of (m+1) partons and iterating down to the Born level, we have derived a general analytical form of the amplitude squared for the emission of any number of soft, energy-ordered gluons in e + e − annihilation. With the aid of the ColorMath package, the latter analytical form has been implemented into a Mathematica program that is capable of computing the eikonal amplitude squared for the full set of Feynman diagrams at any given order. Furthermore, we have illustrated how one may easily find the eikonal amplitude squared in the large-N c limit with no further work, simply by setting C F → C A /2 in the program. For practical purposes we have presented the full eikonal squared amplitudes for the emission of up to five gluons in the final state in the process e + e − → qq, 10 The two eikonal lines are the quark and anti-quark lines.
at finite N c . Whilst the three-loops squared amplitude displayed no major form-wise departure from the wellknown two-loops squared amplitude, the four-and fiveloops squared amplitudes did. New antenna functions and genuine finite-N c corrections first appear at four loops. Unlike previous orders, at the fourth and fifth order the amplitude squared is manifestly non-symmetric under Bose permutations (of the emitted gluons). It is additionally non-symmetric under mirror permutations (the interchange of one or more pairs of emitters of gluons) other than for the hardest and softest gluons. This symmetry breaking has tremendously complicated the task of writing the amplitude squared at five loops in a compact form, as has been performed at previous orders. We expect the level of complexity to rise up as one moves to higher orders. Nonetheless three points are noteworthy regarding eikonal amplitudes squared:
• At a given loop order all one has to calculate is the all-gluons-real squared amplitude. All other squared amplitudes, for all possible virtual configurations of gluons, can straightforwardly be deduced from the latter.
• Higher-order squared amplitudes can be shown to be built in terms of the two-loops antenna function. The latter may be considered as a web.
• The trend of the amplitudes squared, at least up to five loops, seems to suggest a pattern of exponentiation.
Lastly, it is worthwhile to recall that the eikonal approximation only guarantees the resummation of up to single logarithms for a given observable. To go one more logarithm down it is sufficient to consider the next-toeikonal approximation, a task which seems to naturally follow our present work and which we shall treat in our coming publications.
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